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Abstract: Using a conformal version of the Bianchi I metric and a perfect fluid energy- 
momentum tensor, we show that the resulting Einstein field equations arc equivalent to 
a generalized Ermakov-Milne-Pinney equation. Using a transformation analogous to the 
known correspondence between the classical EMP and a linear Schrodinger equation, we 
then construct the linear Schrodinger formulation for this cosmological model. Also, a note 
is included to show the extra term that arises when the energy-momentum tensor is taken 
to include a second term in addition to the scalar field. 
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1. Introduction 

A number of recent papers have explicated the Ermakov-Milne-Pinney (EMP) and Schrodinger 
content of various scalar field cosmologies, including both 2-1-1 and 3-1-1 curved FRLW 
[4, 5, 6, 7] and some anisotropic Bianchi models[l, 3, 8]. These connections are interesting 
since such equations often appear in condensed matter physics as well as quantum field 
theory; that is, such reformulations open the door to directly relating gravitational and 
nongravitational systems. For the conformally Bianchi I metric that we will consider here, 
F. L. Williams [8] has explicated a transformation which reduces the system of Einstein's 
field equations to a generalized EMP equation whose coefficient functions are coupled to 
a second equation. Here we show a similar transformation which results in an uncoupled 
generalized EMP equation. By implementing a transformation analogous to that which is 
known to relate the classical EMP to a linear Schrodinger equation, we further reduce the 
field equations to a linear Schrodinger equation. The author thanks Floyd L. Williams for 
his support and advice on the results presented here. 



2. Einstein Equations 

Consider the Einstein field equations Gij = K^Tij for metric 

ds^ = -[ait)b{t)cit)]'^dt^ + a{tfdx^ + Htfdif + c{tfdz^ (2.1) 

where a{t) , b{t) , c{t) > 0. The perfect fiuid energy-momentum tensor is taken to be = 
—(p-i^i-j + gij [^5'°'^0;fc0;A + y o 0] for some scalar field </> with potential V. Under these 
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assumptions the field equations become 
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where = SttG and G is Newton's constant. 



3. EMP Formulation 

As in [8], equating pairs of the left sides of (ii)-(iv) in (2.2), allows us to deduce that 

6(i) = Cie^*a(i), c(t) = C2e'''a{t) (3.1) 

for real numbers Ci, C2 > and A, /U. Forming the combination 3{i) — {ii) — {in) — {iv) and 
using the relations (3.1), we obtain 

^;;2 -- + 2(a + m)- + a/x = ^<^'. (3.2) 

Ci Ci (i ^ 

Introducing the quantity P{t) = e(^+'^'*a(f)^, equation (3.2) becomes 

^^-^-i>^'-^^^ + ^^') = lK^^ (3.3) 

Now find some function T{t) such that 

T{t) = ^/?(t)('^+")/'' (3.4) 

for any n ^ 0, 6 > and define (/>i(t) = (j){f{T)) where /(r) is the inverse of T(f). Then by 
(3.3), one can show that 

v{t)=P{1{t))^" and g(r) = !^0;(t)2 (3.5) 
satisfy the generalized EMP 

Similarly we may state the converse implication, which produces a solution of the Einstein 
equations (2.2) from a solution of the generalized EMP (3.6). 
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Theorem 1. Suppose that y{T) is a solution of the generalized EMP (3.6) for a known 

function Q{t) and for some constants n ^ 0, 6 > and A, /i. Then a solution (a, b, c, (j), V) 
of (2.2) can be constructed as follows. First find functions T{t) and 4>i{t) such that 

T(t) = eyiT{t))^^+-y- , Mrf = ^Qir)- (3-7) 
Then the following solve the Einstein equations (i)-(iv) in (2.2): 

a{t) = y(T(t))2/"e-3(^+'')*, (3.8) 
b{t)=Cie^'a{t), c{t) = Cze^'^ait), (l>{t) = M^t)), (3-9) 

Vo(h = 



nK^CiC2 
for any constants Ci, C2 > 0. 



or (3.10) 



In the case n = 6, (3.6) reduces to the classical EMP equation, which is known to be 
equivalent to a linear Schrodinger equation. A similar transformation relates the generalized 
EMP in (3.6) to the linear Schrodinger equation 

m"(.t) + [E- P{x)]u{x) = 0. (3.11) 

This can be shown by letting u{x) = 2/(t(5(x)))~^/" where g{x) is the inverse of a{t) which 
satisfies &{t) = l/f(t), and where T(t) is such that f(t) = 6l^/2y(T(t))(^+")/2". Then u{x) 
satisfies (3.11) for E = -(A^ - A^i + M^) and P{x) = ^Q(r(g(x)))j/(T(5(x)))(i2+2n)/". This 
motivates the next section, in which we directly relate Einstein's field equations (2.2) to the 
linear Schrodinger equation (3.11). 



4. Linear Schrodinger Formulation 

Beginning with a solution quintet {a,b,c,(p,V) of the Einstein equations (i)-(iv) in (2.2), 

one can follow the steps outlined above and obtain the formulas (3.1) for b{t) and c(t) in 
terms of a(t) for some constants Ci,C2 > and A, /x. Again, we deduce (3.2) and (3.3) for 
/3(t) = e(^+^)*a(t)3, find r(t) solving (3.4) for any n 7^ and 9 > 0, and define ^i(t) = 
(f)(f{T)) where /(r) is the inverse of T(f). Now to obtain the Schrodinger formulation, we 
additionally solve for both r(t) and a{t) that satisfy 

f{t)=T{7{r{t)))y', Ht) = ^y (4.1) 

and we denote by 5(2;) the inverse function of cr(t). Introducing the quantities 

u{x) = (i{7{T{g{x)))-' and i;{x) = ct>{J{T{g{xm, (4.2) 

one can show that u{x), P{x) = ^^ip^x)"^ and E = — (A^ — A/z + /x^) solve the linear 
Schrodinger equation (3.11). We may now state the converse implication. 
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Theorem 2. Suppose that u{x) is a solution of the linear Schrddinger equation (3.11) 
for some known function P{x) and constant E <0. First find functions a{t) and T{t) such 
that 

u{t) = and f{t) = ^ (4.3) 

a(t) 

for some n ^ 0, and let f = . Next find ip{x) such that 'il)'{xY = zJ(^P{^) let X, fj. 
be any two constants such that 



Finally, solve for T{t) such that 



T{t) = f{f{r{t))r. 



Then the following functions solve the Einstein equations (i)-(iv) in (2.2): 

a{t)=[e^^+>^K{aifiTit)))f~'^' 

bit) = Cie^'ait), c{t) = C^e^'ait), cj,{t) = yj{a{f{T{t)))), 
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We note that including a second term in the energy-momentum tensor T^- that has 
density p{t) and pressure p{t), one obtains a corresponding quantity 



' 4612 



^2^2 (p(/(^))+H/(t))) 



(4.9) 



on the right side of the generaUzed EMP (3.6). Similarly (3.11) becomes nonlinear with the 
term 

3K^ClCl{p{x)+p{x)) 

2u{x) ^ ■ ' 

on the right side of the equation where p{x) = p{f{T{g{x)))) and p{x) = p{f{T{g{x)))). In 
this case both Theorems 1 and 2 include an additional —p{t) added to the definitions of 
Vo(l). 

5. Examples 

Take the solution u{x) = Ae~^^~~^^ to the linear Schrodinger equation (3.11) for A > with 
i? < and P(.t) = 0. Solving the differential equations (4.3) for u(f) and r(f) in the case 
where n = 6, we obtain 
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and 



r(i) = 



-t\ 



(5.1) 



In this case the inverse of r(t) is /(r) = J^_^ t and so equation (4.5) becomes T(f) = 

2y/—ET{t) therefore T(t) = Coe^^^"^* for any cq > 0. Using these functions and (4.6)-(4.7), 
we obtain 
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a{t) = (2coV^) e^(v^-^-'')* 
b{t) = Ci (2cov^)'^%3(V=B+2A-M)* 

c{t) = C2 (2co\/^)'^%3(^-^+2'')* 



(5.2) 
(5.3) 
(5.4) 



for A, /i as in (4.4). Since P{x) = 0, tp{x) — tpo = any constant therefore 4>{t) = ^po also. 
Since ^ is constant, V is also constant by (4.8) which then reduces to the formula 
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3^^2(71(72 
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For this example = 0, so that (5.2)-(5.4) is a vacuum solution. Note that one can 
show by contradiction that for any nonzero A, /U satisfying (4.4) then ^—E — A — < 0, 
+ 2A - At > and \/^ - A + 2/u > 0. 



As another example, take u{x) = Ae 



-Ex 



-Ex 



^^^_ge^ for any real number A and 



any E < 0. Again, take P{x) = 0. Solving (4.3) for n = 6, we obtain 
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:ln 



4A^V^tanh^ 



and T(i) = cosh(v^i). (5.6) 



Using that 7'(/(t)) = 1//'(t) = \/—E\/t'^ — 1, which is obtained by differentiating the 
relation f{T{t)) = t with respect to t, equation (4.5) becomes T{t) = ^/—E{T(t)^ — 1) 
therefore T{t) = — coi\\{^/—E{t — cq)) for cq > 0. Using these functions and (4.6)-(4.7), we 
obtain 

a{t) = (-S)i/i2g-KA+M)t^g^j^i/3(y^(^ _ ^^^-j (5 7^ 

b{t) = (7i(-^)l/12g-i(M-2A)t^g^j^l/3(^/^^^ _ ^^^^ (5_g^ 

c(t) = (72(-i;)i/i'e-3(^-2/')tcsch^/3(yz;B(i _ ^q)) (5.9) 

for t > Cq. Again since P{x) = 0, 4>{t) = iI)q = any constant and V is also a constant given 
by (5.5) which yields V = 3^^^- 
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